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Abstract 
Heath, R.W., Some nonmetric, first countable, cancellative topological semigroups that are 
generalized metric spaces, Topology and its Applications 44 (1992) 167-173. 
A first countable topological group is metrizable. Certain nonfirst countable topological groups 
are “generalized metric spaces”. To elucidate the latter, we briefly list some theorems and examples. 
To indicate the difficulty of generalizing those theorems (especially the first countable case) even 
to “nice” topological semigroups we exhibit some nonmetrizable first countable cancellative 
topological semigroups that are, respectively: a quasi-metrizable, locally compact, Moore space; 
a nonquasi-metrizable Moore space; a Nagata space having no semimetric that is separately 
continuous in one variable; and a paracompact, quasi-metrizable, quasi-developable space that 
is neither developable nor stratifiable. 
Kewwds: Topological group, topological semigroup, stratifiable, monotonically normal, semi- 
metric, developable, Hamel basis. 
AMS (MOS) Subj. Cla.ss.: 22A15, 4E20, 4E25, 4E30, 54D18, 54D30. 
1. Introduction 
Definition 1.1. A T,-space X is stratifiable iff one of the equivalent conditions (A) 
and (B) holds: 
(A) There is a sequence G, , G,, G3, . . . of functions such that, for each n EN 
and each closed set M, G,(M) is an open neighborhood of M and (i) for any 
closed subset K of M, G,(K) c G,(M), (ii) M = n {clo, [ G,( M)]: n EN}. 
(B) There is a sequence g,, g2, g,, . . . of functions such that, for each n E N and 
each x E X, g,,(x) is an open neighborhood of x, and, if, for every n, YE 
clox[u{g,(x): x E M}], then y E clo,M. 
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Definition 1.2 [15]. A T,-space X is monotonically normal iff one of the equivalent 
conditions (A) and (B) holds: 
(A) There is a function G that assigns, to each ordered pair (H, K) of disjoint 
closed sets, an open neighborhood G( H, K) of H so that (i) for disjoint closed sets 
H” and K* with Hc H* and K”r K, G(H, K)L G(H*, K*) and (ii) G(H, K)n 
G(K, H)=0. 
(B) There is a function G that assigns, to each closed set M and each p E [X\ M], 
an open neighborhood g( p, M) so that (i) for any closed K s M, g( p, K) L g(p, M) 
and (ii) for any p f q, [g(p, is>)1 n Ma bI)l= 0. 
The class of stratifiable spaces contains, and may, in fact, be, the class of M,-spaces 
(completely regular spaces with a-closure preserving bases); it may also be the 
smallest class that includes all metric spaces that is closed under the operations of 
taking countable products, subsets and images under closed maps. Stratifiable spaces 
are exactly the monotonically normal a-spaces (spaces with a g-discrete network). 
First countable stratifiable spaces (Nagata spaces) are just monotonically normal 
semimetric spaces. Since monotone normality implies hereditary collectionwise 
normality, monotonically normal Moore spaces are metrizable spaces; and a compact 
T,-space X, with X2 monotonically normal, is metrizable. 
2. “Generalized metrizability” theorems in topological groups 
Theorem 2.1 [14]. A topological group G whose identity has a nested neighborhood 
base (see [ 16,5]) is monotonically normal (thus a Tychonov product of finitely many 
copies of G is monotonically normal). If H is the space of all eventually zero sequences 
in G, then H with the box product topology is monotonically normal (so, a direct sum 
of copies of G is monotonically normal). 
Thus van Douwen shows [24] that the direct sum of countably many copies of 
the rationals is a countable (nonmetric) stratifiable group. Borges shows in [3] that 
any direct sum of stratifiable spaces with box product topology is stratifiable. Perhaps 
all stratifiable groups can be obtained from Borges’ theorem applied to metric 
groups-or all monotonically normal spaces might be obtainable by the analogous 
application of Borges’ theorem to Theorem 2.1 above. In this context Moody’s 
theorem is of particular interest: 
Theorem 2.2 [ 191. The identity e of a topological group has a nested local base ifs there 
is a monotone normality operator g (cf: condition (B) of DeJnition 1.2) such that : 
(i) the operator g “translates” (for any closed set M and any x not in M, g(x, M) = 
g(e, Mx-‘)x) and (ii) if x,, x2,. . , x,_, , x, =x0 are any n distinct points, then 
n{g(xk_,,{xk}): l<ksn}=0. 
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Moody also shows [19]: if G is a topological group whose identity has a nested 
base, then the box product of countably many copies of G has an identity with a 
nested local base. 
See [ll, 2, 3; 23, 2; 191 for more examples. Some questions are: 
Question 2.3. What is a necessary and sufficient condition for a topological group 
to be monotonically normal? 
Question 2.4. If a topological group X is monotonically normal, is X2 monotonically 
normal? - or is every countable power monotonically normal? 
Question 2.5. Is every stratifiable topological group an M,-space? 
Question 2.6. What is a necessary and sufficient condition for a topological group 
to be stratifiable (or to be an M,-space)? 
Note 2.7. There exist countable topological groups that are not stratifiable, namely 
any countable dense subgroup of 2‘ ([ 11,2,3], also [24]). 
Note 2.8 [4]. The “stratification operator” (as in Definition 2.1, condition (B) cannot 
be obtained by translation of the operator for the identity in a nonmetrizable 
stratifiable topological group. 
3. Semigroups 
A topological semigroup is a topological space with a continuous associative binary 
operation. The ordered space of countable ordinals or the order compactification 
thereof, with either sup or inf operation is an example. A semigroup is cancellative 
if ab = ac, ca = ba and b = c are equivalent for all a, b and c. The Sorgenfrey line 
(or Sorgenfrey plane) with ordinary addition is such an example, where (of consider- 
able interest) the topology is invariant under translation. 
Terminology. A “nice” semigroup is a first countable cancellative one. 
Question (W. Zeng and K.-S. Lau). Is every locally compact nice topological 
semigroup metrizable? By Example 3.1, the answer is “no”. 
Example 3.1. A nonmetrizable locally compact, cancellative Abelian topological 
semigroup which is a quasi-metrizable Moore space. 
Description. The semigroup X is algebraically a sub-semigroup of the additive group 
of real numbers with a topology finer than the relative Euclidean topology on X, 
as follows. Pick a Hamel basis H” for R such that H* is a subset of R+, 1 E H* and 
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H” is “c-dense in R+” (i.e., every open interval in lR+ contains c-many points of 
H*) [c = the cardinality of R]; let H = H* u Q’ and let X be the smallest semigroup 
of the additive reals that contains H. A basis ?,?I for the topology of X consists of 
sets of the following three types: (i) for any 9 E Q’ and i E N, gi(q) = {q} is in B, 
(ii) for any x E [H*\(l)], pick an increasing sequence q,(x), q2(x), . . . in Q’ converg- 
ing to x, and for each n let g,(x) = {x} u {q,(x): i 2 n} belong to 93, and (iii) for all 
otheryEX,y=z,+zz+... + z, with each zi E H, and, for any choice k,, . . . , k, of 
natural numbers, g(y) = g,,(z,) -t . . . + gk,,(z,) is a basic neighborhood of y. Since 
no point of Q’ (type (i)) is a sum of points from (ii) and (iii) and no point of H” 
(type (ii)) is the sum of any two members of X\(O), it follows that the operation 
+ is continuous. That X is a locally compact quasi-metrizable Moore space follows 
routinely. 
Example 3.2. A connected, locally compact, cancellative topological semigroup that 
is a quasi-metrizable Moore space but not metrizable. 
Description. Define X as in Example 3.1, let Y = (X x [0, 1)) u (R+ x [l, CO)) and 
let a basis 9’3 for a topology on Y consist of all sets of the forms (i) D x E for D 
a basis element in X and E a basis interval in [0, 1) and (ii) any subset of Y that 
is open relative to the Euclidean topology of R*. Using the vector addition inherited 
from R’, continuity follows easily because no point of X x [0, 1) is a sum y + z with 
either y or z in Iw+ x [l, CO). The connectedness, local compactness, etc., follow easily. 
Note. Kropa’s Example 1.2 of [18] has all of the properties of Example 3.2 except 
local compactness. 
Example 3.3, a modification of the nonquasi-metrizable Moore space of [13], 
shows that, contrary to conjecture, first countable cancellative topological semi- 
groups need not be quasi-metrizable. Maybe locally compact or Tech complete nice 
topological semigroups must be quasi-metrizable. 
Lemma. There is a Hamel basis H” for R such that H” c [w+ and H” is c-dense in 
each G8-set containing Q’ and 1 E H *. Hence, if H” = U {H,,: n E N}, then some H, 
must have a limit point in Q’. 
Proof. Since there are only c G,-sets that contain Q’ and since each is residual 
set (therefore contains a Cantor set, hence is of cardinal c), one can select the 
Hamel basis elements so that H* is c-dense in each such G8. 0 
Example 3.3. A cancellative topological semigroup that is a Moore space but is not 
quasi-metrizable. 
Description. Let a Hamel basis H” satisfy the lemma and H = H*\(l). Let X = the 
closure of H under addition. The space S = [X x {0}] u [Q’\(O)]‘. For each h E H 
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andeachn,g,((h,O))={(s,t)ES:Ih-sl~tandO~t<(l/n)}isabasicneighbor- 
hood of (h,O). For XEX\H and x=C{zj:lGi<m} let g,((x, 0)) = 
1 {g,(( z, , 0)): 1 c is m} be a basic neighborhood of (x, 0), chosen as in Example 
3.1, to insure continuity of addition on X x (0). For u and u in Q’, z, # 0, and n E N, 
R((u, u)) = I($ t)E S: I(u, 0) -(% r)l< (l/n)] . IS a basic neighborhood of (u, v). 
Assume S is quasi-metrizable. By [22] there are functions u,, u2,. . . such that, for 
eachpES,{U,(P)}, isalocal baseatp,and,wheneveryEu,+,(p), ~,+~(y)cu,(p). 
By the lemma, if Hnmk = lx E H: gn((x, 0)) c u~+I((x, 0)) G Q((x, 0)) G g,((x, O))l, 
then for some choice of n, m and k, some rational 9 is a limit point of Hnmk . Assume 
without loss of generality that some sequence x,, x2,. . . in Hnmk converges from 
the right to q. For somej, D,((q+ 1/(2n), 1/(2n))) c uk+,((q+ 1/(2n), 1/(2n))), and 
forsomei,[xi-1/(2n)]~q~xi~q+l/j,sothat(q+1/(2n),1/(2n))~~~+,((~i,O)) 
but uk+,((q+ 1/(2n))) is not a subset of u~((x,, 0)). (See similar argument in [7, 
Sections 7.11, 7.121.) 
Example 3.4, a modification of [9], provides another discouragement in the quest 
for a quasi-metrization theorem for nice semigroups. 
Example 3.4. A canellative topological semigroup that is semimetrizable and 
stratifiable (hence a Nagata space) but has no compatible semimetric with respect 
to which all distance neighborhoods are open. Hence S is not developable so that, 
by [7, Proposition 7.201, S is not quasi-metrizable. 
Description. Pick H* as in the lemma, let H = H*\(O), and let X be the closure of 
H u Q’ under addition. The space S will consist of the points of the first quadrant 
that are above the x-axis or have first coordinate in the set X. A basic neighborhood 
of a point that is above the x-axis or has first coordinate in Q’ will be an ordinary 
circular disc; for x E H a basic neighborhood of (x, 0) is g,((x, 0)) = 
~(Y,~):l~-~l~~l~,O~~~(l~-~l)l~~; and once more for x E X\H define basic 
neighborhoods of (x, 0) as the appropriate sums of those already defined to insure 
continuity of addition. The lack of a compatible semimetric with all distance 
neighborhoods open follows by a proof analogous to that found in [9] with the 
Baire category argument replaced by use of the lemma. Proofs of semimetrizability 
and stratifiability are routine. 
An obvious modification of the Michael line with the irrationals replaced by the 
same set H used in Examples 3.3 and 3.4 yields Example 3.5. 
Example 3.5. A paracompact, quasi-metrizable, quasi-developable [l] cancellative 
topological semigroup that is not developable. 
Note. Another property which Zeng and Lau’s “nice” topological semigroup would 
ideally possess is that translations of open sets should be open. Kocinac and 
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Shakhmatov have announced the existence of a nonmetrizable, developable, quasi- 
metrizable algebraic group whose operation is continuous and with respect to which 
translations preserve openness [ 171. 
Questions not related to generalized metric spaces. Ellis [6] showed in 1957 that a 
locally compact algebraic group with separately continuous multiplication is a 
topological group. Numakura [21] had proved in 1952 that every compact cancella- 
tive topological semigroup is a topological group. In 1972 Mukherjea and Tserpes 
[20] replaced “compact” by “countably compact and first countable”. In 1965 
Zelazko [26] showed that every completely metrizable algebraic group with separ- 
ately continuous multiplication has a continuous inverse, and Brand [4] in 1982 
showed that every locally Tech complete algebraic group with continuous multiplica- 
tion is a topological group. Wallace’s question [25], “Is every countably compact 
cancellative topological semigroup a topological group?” remains unanswered. 
Question 3.6. Is a Tech complete first countable cancellative topological semigroup 
quasi-metrizable? - is it true if the space is also a Moore space? 
Question 3.7. Can the spaces of Examples 3.1-3.5 be embedded in algebraic groups 
in such a way that the operation is continuous or separately continuous? 
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